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Abst rac t - -We find the stability domain in the (a, b) plane for the equation, 
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1. INTRODUCTION 
We study the stabi l i ty of the zero solution of the differential equat ion,  
i t(t)  = -ax( t  - 71) - bx ( t  - T2), (I) 
where a,b,  r l ,72  E R,  r l  ~> 0, T2 >I 0. The numbers 7"l,'r 2 are called delays. Equat ion  (1) is a 
result of the l inearizat ion of a logistic model  of populat ion dynamics with delays in react ion of 
the env i ronment  [1], 
(1  ) 
(t) =y( t )  1 - -~(ay( t - -T1)+by( t - -  ~-2)) . 
T i le invest igat ion of stabi l i ty can be reduced to the root locat ion problem for the character ist ic 
equat ion,  
p + ae -p~I + be -pT2 = 0. (2) 
It has been affirmed in [1] that  the condit ions a > 0, b > 0, aT 1 ~- br2 < 1 are sufficient and the 
condit ion aT 1 -~- bT 2 < 71"/2 is necessary for all roots of equat ion (2) to have negat ive real parts. 
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However, it is proved in [2] that the conditions a > 0, b > 0, aT1 4- b~'2 < rr/2 are sufficient for the 
stability of equation (1). Moreover, it is shown in [2] that there is no need to impose an upper 
bound on the value of aT1 + bT2 to achieve the stability of equation (1). Thus, the statement 
of [1] about the necessary condition for the stability of equation (1) is actually false. 
The stability of equation (1) with ~-1 = 1, T2 = 2, and with a = b has been discussed in [3-5], 
respectively. Some stability conditions of second-order differential equations with two delays are 
determined in [6]. The stability problem for equation (1) is partially solved in [5] with a < 0, 
b > 0, and T1 <~ ~-2, ~-t ~< 1, a + b/> 0, a'r 2 > -1.  
W~ intend to describe completely the stability domain of equation (1) by means of the 
D-partition method together with numerical and graphical methods. 
2. POSS IBLE  BOUNDARY POINTS 
OF  THE STABIL ITY  DOMAIN 
Equation (1) is asymptotically stable if and only if for any root p of the characteristic equa- 
tion (2) Rep < 0. Suppose that 
~(p) = p + ae -p'~ + be -p~'2. (3) 
If the point (a, b) belongs to the boundary of the stability domain, then according to the D- 
partition method [7] there exists w E R, such that ~(- iw)  = 0. By letting p = - iw  in (3), we 
rewrite the equation, ~(- iw)  = 0 in the form, 
a cos~-lW + b cos ~-2w = O, 
a sin TlW + b sin ~'2w = w. 
(4) 
Hence, the boundary points of the stability domain in the (a, b) plane can be the following 
OlleS. 
(c~) Points of the curve: 
--c~ COS T2W 
sin(r2 - T1)CO' 
(5) 
b = wcosT lw 
sin(T2 -- ~-I)W' 
These points can be obtained from (4), if system (4) is nondegenerate. 
(fl) Points of the straight line: 
a + b = 0. (6) 
These points can be obtained if we suppose w = 0 in (4). 
(7) Points of the straight line: 
( -1)ka + (-1)rob -= 7r(2k + 1)/(2T1). (7) 
These points can appear only when ~-l/r2 = (2k + 1)/(2m + 1), where k, m E N t2 {0}, if we 
suppose w = (2k + 1)Tr/(2rt) in (4). 
There are no other boundary points of the stability domain. 
3. METHOD OF NUMERICAL  AND GRAPHIC  EXPERIMENTS 
Let us briefly describe our methods of investigation. We separate the space of coefficients 
into domains by curves, the points of which correspond to quasipolynomials having zeros in the 
imaginary axis. Such partition is called the D-partition. Further, we select the domain in the 
D-partit ion which corresponds to the characteristic quasipolynomials without roots with positive 
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real parts. For the selection of such a domain, it is sufficient to check that one of its points 
corresponds to a quasipolynomial in which all zeros have negative real parts. We use the principle 
of the argument. Consider the motion of the variable p along the contour KR in the complex plane 
containing the half-circle CR : p = Re/w, - r r /2  ~< w ~< :r/2 and the closed interval IR  : p = - iw, 
-R  ~< w ~< R. By the argument principle, for the stability of equation (1) it suffices to show 
that AArg ~(p) = 0 as p moves along KR for sufficiently large R. This will indicate the absence 
of roots ~(p) in the right half-plane. Scanning all of the plane we found using the argument 
principle the domain in which AArg ~(p) = -Tr as p moves along the interval I~ .  
4.  STABIL ITY  DOMAINS AT  T2 = 1 
By means of numerical and graphical experiments we constructed the stability domains of 
equation (1) in the space of parameters (a, b), supposing the greater delay T2 equals 1 and as- 
suming that 0 < T1 < 1. Furthermore, we shall indicate how to pass from ~-2 = 1 to the case of 
arbitrary T2. 
PROPOSITION 1. I f  1/3 < ~'1 < 1, then the following curves form the boundary of the stability 
domain of equation (1) in the plane (a, b), 
(c~) the curve (5), where 0 ~< w ~ 27r/(1 + rl); 
(/3) the segment of the straight line (6), where 
-1  27r cos 2~r/(1 + T1) 
1 - ~----~ < a < - (1 + ~1) s in2~ (1 - ~1) / (1 + ~1)" 
The stability domains are displayed in Figure 1. 
PROPOSITION 2. If~-i = 1/3, tfien the following curves form the boundary of the stability domain 
of equation (1) in the plane (a, b), 
(a) the curve (5), where 0 ~< a~ ~< 37r/2; 
(/3) the segment of the straight line (6), where -3 /2  <~ a <<. 3~r/4; 
(~/) the segment of the straight line (7), where k = 0, m = 1, 3~r/4 ~< a ~< 9~/4. 
Tile stability domain is displayed in Figure 1. 
b 
6 
xl = 1/3 
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~ 1 = 0.82 
Figure 1. The stability domains of equation (1) in the plane (a, b) for 1/3 <~ rx < 1; 
T2 : l .  
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PROPOSITION 3. 
domain of equation (1) in the plane (a, b), 
(al)  the curve (5), whereO <~ oJ <. A(7-1); 
(a2) the curve (5), where 2zr/(1 + rl) <~ a~ ~< B(T1); 
Functions A(rl) and B(r l )  are given in Table 1. 
Table 1. 
rl 1/5 0.22 0.24 0.26 
A(rl) 2.985 3.041 3.135 3.259 
B(ri ) 7.854 7.703 7.538 7.347 
If 1/5 < rl < 1/3, then the following curves form the boundary of the stability 
0.28 0.30 0.32 
3.431 3.691 4.121 
7.113 6.831 6.368 
(fl) the segment of the straight line (6), where 
-1  2r  cos 27r/(1 + rl) - -~<a~< 
1 - 7-1 (1 + 7-1) sin 27r(1 - T1)/(1 + 7-1)" 
The stability domains are displayed in Figure 2. 
PROPOSITION 4. Hr l  = 1/5, then the following curves form the boundary of the stability domain 
of equation (1) in the plane (a, b): 
(c~1) the curve (5), where 0 ~< w ~< 197r/20; 
(~2) the curve (5), where 5~/3 ~< ~, ~< 5~/2; 
(t~) the segment of the straight line (6), where -5 /4  <<. a <<. 57r/3x/3; 
(7) the segment of the straight line (7), where k = O, m = 2, 
-197r cos 197r/20 ~< a ~< 257r 
20 sin 197r/25 8 
The stability domain is displayed in Figure 2. 
b 
3T J / J - , - ' -  ! xA---"N. ~ '~ zl =0.15 
L 
x! = 0.5 
xl = 1/5 
xl =0.1 
-3 -2 -1 
- - I "  
-2"  
. . . . . .  3"  
. . . . . . . . . . .  5. 
9 -6"  
1 2 2/ 6 7 g', 
51 =0.29 
II 12 13 14 15 





- I  
_i 
l a  
5 
S 






i i i i 
0.5 1 1.5 2 2.5 
Figure 3. The stability domains of equation 
(1) in the plane (a,b) for vl = 0;r2 = 1. 
F igure  4. The  graph of the funct ion  S(T1). 
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The discussion above can be summarized in the following way. If 1 / (2m+ 1) < ~'1 < 1/ (2m-  1), 
m E N, then the stability domain of equation (1) in the space of parameters (a, b) will consist 
of the straight line a + b = 0 and the curve (5), for which it is necessary to find m intervals of 
variation of a;. By means of numerical experiments, we have revealed that from all straight lines of 
the type (7) on the boundary of the stability domain there are straight lines a + (-1)rob = zr/2~-i 
existing only for exceptional values of the smaller delay T1 = 1/(2m + 1), m E N. For completeness 
of description we shall quote the known results [7] about domains of stability in the following 
two limiting cases. 
PROPOSITION 5. / I T  1 = 0, then the following curves form the boundary of the stability domain 
of equation (1) in the plane (a, b), 
(a) the curve (5), where 0 <~ ~ <~ 7r; 
(3) the segment of the straight line (6), where -1  <~ a < oo. 
The stability domain is shown in Figure 3. 
PROPOSITION 6. I f  T 1 : 1, then the following curves form the boundary of the stability domain 
of the equation (1) in the plane (a, b), 
(fl) the straight line (6'), where -oo  < a < oo; 
(7) the straight line (7), where k = 0, m -- 0, - c~ < a < oo. 
Let us denote by S(~-1) the area of the stability domain of equation (1) in the plane (a, b). The 
graph of the function S(zl) is shown in Figure 4. Figures 1-4 and numerical experiments show 
that, if 72 = 1 and T1 < 1, then the least value of S(Ti) is achieved when ~-1 = 0.5504 . . . .  
5. HOW TO PASS FROM T 2 = 1 TO ARBITRARY T 2 
In Figures 1-3, the stability domains are shown for 72 = 1 and different values of f]. Let us 
show how one can construct stability domains of this equation for any value of the delay 72 using 
stability domains of equation (1) at ~'2 = 1. The change of variables: x(t) = y(t/T2), t/72 = O, 
T1/T2 = T transforms (1) into 9(8) = --aT2y(8 -- 7) -- bT2y(O -- 1). Obviously, the stability domain 
of this equation can be obtained from the stability domain of equation (1) when ~'1 = ~" and 
~'2 = 1. Thus for construction of the stability domain of equation (1) for all fixed delays T1 and 
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Figure 5. The stability domain of equation (1) with r2 = 1.5, r l  = 0.4. Prom 
previously known partial stability domains: (1) Gopalsamy [1]; (2) Vaguina and 
Kipnis [2]; (3) Yoneyama nd Sugie [5]. 
T2 it is possible to use the following algorithm. 
1. Find the ratio of a smaller delay to the greater one 71/72 = 7 and construct he stability 
domain of the equation ~(t) = -ax ( t  - ":) - bx( t  - 1); 
2. Contract the obtained stability domain by a factor of 72, i.e., transform the boundary 
points (a, b) in Figures 1-3 to the points (a/T2,  b/72).  
6. CONCLUSION 
6.1. Compar i son  w i th  Known Stab i l i ty  Domains  
The following stability domains of equation (1) have previously been determined, 
(1) a > 0, b > 0, a71 + 572 < 1 (see [1]); 
(2) a > O, b > O, a71 + b72 < 7r/2 (see [2]); 
(3) a < O, b > O, a + b > O, (b - 2a)72 - (a /4 ) (b  - a) ~ 3 /2 ,  when 71 ~ 72, T1 ~ 1, T2 > 1 
(see [5]); 
(4) a < 0, b > 0, a + b > 0, (b - 2a)72 - a + (a /4 ) (b  - a) + a / (2 (b  - a)) <~ 3/2, when 71 ~< 72, 
7~ ~< l, ~2 ~< 1 (see [5]). 
Our results evidently show that these domains are only small parts of the whole stability 
domain (see Figure 5). 
6.2. Mu l t ip le  D isappearances  and  Restorat ions  of  Stabi l i ty 
Caused  by  Chang ing  One D lay  
Figure 2 and additional numerical experiments illustrate the interesting scenario of repeated 
disappearance and restoration of stability of equation (1) with monotonic hange of one of the 
delays. Let a = (5~r - 4)/2 ~ 5.854, b = 2, 72 = 1. The following statements are true: equa- 
tion (1) is stable for 0 ~ 71 < T01 = 0 .200;  it is unstable for T01 < T1 < 702 ~ 0.261; it is stable 
again for 702 < 71 < 703 ~ 0.335 and, finally, it is unstable for 703 < 71 < 1. 
6.3. How to Cont ro l  De lays  to Expand the Stabi l i ty Domain  
Figures 1-3 show that the stability domains of equation (1) are star-shaped: if the point (a, b) 
belongs to the domain and 0 < k < 1, then the point (ka,  kb) also lies in the domain. Furthermore, 
the boundaries of the stability domains have the following properties: if the point (a, b) lies on the 
boundary of the stability domain of equation (1) with delays (71, T2), then the point (a /k ,  b /k )  
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lies on the boundary of the stability domain of equation (1) with delays (kT1, kT2). From this 
fact and from the star-like shape of the domain there follows the universal rule for extension of 
the stability domain: to replace a pair of delays (r1,~'2) by a pair (kT1, kr2), 0 ~ k < 1. 
What should one do if proportional decrease of both delays is impossible? There are no univer- 
sal rules here, because the decreasing of only one of the delays adjoins some part of a plane (a, b) 
to the stability domain, but simultaneously excludes ome subregions from the stability domain. 
The consequences of changes of the pair of delays can be calculated, using Figures 1-3 and 
Section 4 of the present paper. 
We have revealed that for a fixed value of the greater delay the least area of the stability 
domain of equation (1) can be achieved if T1/T2 = 0.5504 . . . .  Hence, a simple but not faultless 
recommendation follows: it is desirable to avoid the situation when the smaller delay is equal to 
half of the greater one. More definite recommendations for the extension of the stability domain 
can be given, if it is known in advance, that a > 0, b > 0 and the ratio of the smaller delay to the 
greater one is between 1/3 and 1. In this case, the decreasing of only one of the delays extends 
the stability domain. 
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